We study the concurrence of arbitrary dimensional multipartite quantum systems. An explicit analytical lower bound of concurrence is obtained in terms of the concurrences of sub-quantum systems. Detailed examples are given to show that our lower bounds improve the existing lower bounds of concurrence. To give a proper description and qualify the quantum entanglement for a given quantum state, many entanglement measures have been introduced, such as the entanglement of formation [17] for bipartite quantum systems and concurrence [18] for any multipartite quantum systems. For the two qubit case, the entanglement of formation is proven to be a monotonically increasing function of the concurrence and an elegant formula for the concurrence was derived analytically by Wootters [19] . However, except for bipartite qubit systems and some special symmetric states [20] , there have been no explicit analytic formulas of concurrence for arbitrary high-dimensional mixed states, due to the extremizations involved in the computation. Instead of analytic formulas, some progress has been made toward the analytical lower bounds of concurrence. A lower bound of concurrence based on local uncertainty relation criterion is derived in *
. This bound is further optimized in [21] . For arbitrary bipartite quantum states, Refs [22] - [23] provide a detailed proof of an analytical lower bound of concurrence in terms of a different approach that has a close relationship with the distillability of bipartite quantum states. In [23] - [24] the authors presented a lower bound of concurrence by decomposing the joint Hilbert space into many 2 ⊗ 2 and s ⊗ t-dimensional subspaces, which improve all the known lower bounds of concurrence.
Based on all lower bounds of bipartite concurrence, nice algorithms and progress has been made towards lower bounds of concurrence for tripartite quantum systems [25] - [26] and other multipartite quantum systems [27] by bipartite partitions of the whole quantum system. One would like to ask naturally if it is possible to improve further the lower bound of concurrence by using tripartite and M -partite concurrences of an N -partite (M < N ) systems.
In this paper, we first provide lower bounds of concurrence for arbitrary dimensional four-partite systems in terms of tripartite concurrences. Detailed examples are given to show that these bounds are better than the well known existing lower bounds of concurrence. We then generalize lower bound of concurrence to arbitrary multipartite case.
We first recall the definition and some lower bounds of the multipartite concurrence. Let H i , i = 1, · · ·, N , be d i dimensional Hilbert spaces. The concurrence of an N − partite pure state |ψ ∈ H 1 ⊗ H 2 ⊗ · · · ⊗ H N is defined by [28] ,
where α labels all the different reduced density matrices. For a mixed multipartite quantum state
, the concurrence is given by the convex roof:
where the minimum is taken over all possible convex decompositions of ρ into pure state ensembles {|ψ i } with probability distributions {p i }.
In [29] the authors obtained lower bounds of multipartite concurrence in terms of the concurrences of bipartite partitioned states of the whole quantum system. For an N -partite quantum pure state |ψ ∈
.., N , the concurrence of bipartite decomposition between the subsystems 12 · · · M and M + 1 · · · N is defined by
where ρ 12···M = T r M +1···N {|ψ ψ|} is the reduced density matrix of ρ = |ψ ψ| by tracing over the subsystems M + 1 · · · N. For a mixed multipartite quantum state
is given by the convex roof:
A relation between the concurrence (2) and the bipartite concurrence (4) has been presented in [29] : For a multipartite quantum state ρ ∈ H 1 ⊗ H 2 ⊗ · · · ⊗ H N with N ≥ 3, the following inequality holds,
where the maximum is taken over all kinds of bipartite concurrences. In terms of the lower bounds of bipartite concurrence, in [27] further relations between the concurrence (2) and the bipartite concurrence (4) has been obtained:
for N ≥ 3,, where the maximum is taken over all kinds of bipartite concurrences for given M . In particularly, if N = 3, one has
For multi-qubit systems, in [30] the authors get the analytical lower bounds in terms of the monogamy inequality: For any four-qubit mixed quantum state ρ, the concurrence C(ρ) satisfies
where
and
where the bracket {a|b} is so defined such that one may either take the first element a or the second element b from {a|b}. However, for any given pair a and b, once the first (the second) has been taken, then in a formula one always takes the first (the second) element in all the following brackets containing the same two elements a and b.
In order to improve the lower bounds of concurrence, in the following we consider tripartite concurrence C 3 (ρ), instead of the bipartite concurrence C 2 (ρ). For an Npartite quantum pure state
we define the concurrence of tripartite decomposition among subsystems 1, 2, · · ·, M ,
where Theorem 1. For a multipartite quantum state ρ ∈ H 1 ⊗ H 2 ⊗ H 3 ⊗ H 4 , the following inequality holds,
where the maximum takes over all kinds of tripartite concurrence.
[Proof]. For a pure multipartite state |ψ ∈ H 1 ⊗ H 2 ⊗ H 3 ⊗ H 4 , let ρ = |ψ ψ| and ρ 134 = T r 
For a bipartite density matrix ρ ∈ H A ⊗ H B , one has [29] 1 − T r{ρ
where ρ A = T r B (ρ AB ), ρ B = T r A (ρ AB ). From (10) and (11), we obtain (1−T rρ 
Similarly, one can show
Hence we have
Assuming that a mixed state ρ = i p i |ψ i ψ i | attains the minimal decomposition of the multipartite concurrence, one has,
Therefore, we have (9) .
As for any four-partite state, one has
it is obvious that our bound is better than the ones given by (5) in [29] and (6) in [27] . We now show some detailed examples. Let us first consider a simple case, the generalized four-qubit GHZ state: |ψ = cosθ|0000 + sinθ|1111 . We have C 4 (|ψ ) = √ 7sin 2 θcos 2 θ. From our lower bound (9), we have C 4 (ρ) ≥ √ 6sin 2 θcos 2 θ, which is generally greater than the bounds √ 4sin 2 θcos 2 θ from [27] and √ 2sin 2 θcos 2 θ from [29] . Now consider the quantum mixed state ρ = (9), which detects the entanglement of ρ when t > 0. Solid line for the lower bound from (7). It detects entanglement only for t > Hence
. From Theorem 1 we get
2 for any t > 0. While from (7), the entanglement can be detected only for t > 
From our bound (9) we get
From bound in [27] one gets
Obviously, our bound is much better, see Fig. 2 . Now we generalize our results to N -partite systems (N > 4). For a given N -partite state, ρ ∈ H 1 ⊗H 2 ⊗···⊗H N , we define the M -partite concurrences C M (|ψ ψ|) associated with the decompositions among subsystems 1, · · ·L 1 ; L 1 + 1, · · ·; L M , · · ·N , similar to the concurrence (8) for tripartite decomposition. We have C N (ρ) ≥ max{C M (ρ)}, where the maximum takes over all possible M -partite concurrences. Generally, we obtain Theorem 2.
In summary, we have presented an approach to derive lower bounds of concurrence for arbitrary dimensional N -partite systems based on sub M -partite (M = 3, ..., N − 1) concurrences. Lower bounds of concurrence for four-partite mixed states have been studied in detail in terms of the tripartite concurrences. By detailed examples we have shown that this bound is better than other existing lower bounds of concurrence. Here throughout the paper we divided the whole systems into subsystems according to the order of the subsystems, like 12|3|4, 1|2|34. The rearrangement of the subsystems are implied naturally, to include decompositions like 13|2|4.
Above all, in [23] - [25] lower bounds of concurrence for high dimensional systems have been presented based on the concurrences of sub-dimensional states, by decomposing the joint Hilbert space into lower dimensional subspaces. For high dimensional multipartite systems, it would be useful to use the concurrences of both sub-dimensional states and sub-partite states. An optimal lower bound could be obtained by repeatedly using the concurrences of sub-dimensional and sub-partite states in an suitable order.
